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Abstract
It is proved that the Darboux transformation of the system of coherent
states of a free particle leads to the states that may be treated as coherent
states of soliton-like potentials.
1 Introduction
In quantum mechanics a nice recipe is known which permit us to multiply exactly
solvable quantum mechanical problems. This method is known under three different
names. The first name is SUSI QM [1]. It is originated from quantum field theory.
The second name is the factorization method proposed by Shro¨dinger [2]. The third
name is the Darboux transformation method [3]. This method is extensively studied
in soliton theory [4]. It was Darboux who gave first the more clear formulation of
it. This method now is a part of a more general sheme known as the method of
tarnsformation operators [5].
In this paper Darboux transformation applied to the free particle Shro¨dinger
equation. It is proved that transformed free particle coherent states are coherent
satets of soliton-like potentials. We use the definition of coherent states given by
Klauder [6].
2 Formalism
Let us know a general solution of the Schro¨dinger equation
(i∂t − h0)ψ(x, t) = 0, h0 = −∂2x + V0(x, t), x ∈ [a, b]. (1)
We want to find the solutions of another equation
(i∂t − h0)ϕ(x, t) = 0, h1 = −∂2x + V1(x, t), x ∈ [a, b]. (2)
The problem of the search for the solutions of the equation (2) can be reduced to
the problem of looking for such an operator L that participates in the following
intertwining relation
L(i∂t − h0) = (i∂t − h1)L. (3)
Given the operator L which satisfy this relation we easily find function ϕ(x, t) =
Lψ(x, t). It is clear that for an arbitrary Hamiltonian h1 the problem of looking for
the operator L is not more easy then the problem of searching for the solutions of
the Schro¨dinger equation (2). It turns out to be that to make this method suitable
for giving useful information it is sufficient to restrict the operator L by any class of
operators. It is natural to look for the operator L as a differential operator. In this
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case h1 can not be an arbitrary Hamiltonian and equation (3) becomes the equation
for L and V1.
Let L be an operator of the first degree in derivatives ∂x and ∂t. If we want to
apply L only to the solutions of the equation (1) we can replace ∂t = −ih0 and it
becomes of the second degree in ∂x. Therefor if we want that L be of the first degree
in ∂x we should take the following form for it
L = L0(x, t) + L1(x, t)∂x. (4)
The equation (3) results then in the equation for the functions L0, L1, and V1. It
is remarkable that this system can be integrated and it has a vary nice and simple
solution [7]
L = L1(t)(−ux/u+ ∂x), L1(t) = exp[2
∫
dtIm(ln u)xx], (5)
A = −(ln |u|2)xx. (6)
The function u called the transformation fuction is a solution to the initial Schro¨-
dinger equation subject to the condition (ln u/u)xxx = 0.
3 Coherent states
Definition 1. Every system of states described by vectors |ψz〉 is called the system
of coherent states if the following conditions are fulfilled:
(i) |ψz〉 ∈ H0 where H0 is a Hilbert space;
(ii) z ∈ D ⊂ C;
(iii) D is a domain endowed with a measure µ(z, z¯), z, z¯ ∈ D which is defined and
finite on a class of Borel sets of D and guaranties the following resolution of the
identity operator I on H0: ∫
D
dµ|ψz〉〈ψz| = I; (7)
(iv) ∀z ∈ D, |ψz〉 belong to a domain of definition of a Hamiltonian h0 on H0 and
are solutions to the Schro¨dinger equation
(i∂t − h0)|ψz〉 = 0. (8)
Consider the vectors ϕz(x, t) = Lψz(x, t). The question that arises in this respect is
the following. Whether the vectors ϕz may be interpreted as coherent states of the
transformed system. It is clear that all the properties of coherent states formulated
in the Definition 1 are fulfilled except may be for the resolution of the identity.
We shall consider now coherent states of soliton potential.
It is well known that the soliton potential
V1(x) = −2a2sech2ax, a > 0 (9)
can be obtained from the free particle Schro¨dinger equation, V0(x, t) = 0 with the
help of the Darboux transformation. The Darboux transformation operator has the
form L = −athax+∂x. This operator together with its conjugate L+ = −athax−∂x
factorizes the free particle Hamiltonian h0 = L
+L−a2. So, the operator g0 = L+L =
h0+a
2 is strictly positive definite and well defined inH0 with the well-defined domain
of definition D0.
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The discrete basis [8] of the Hilbert space H0 is defined with the help of the
raising and lowering operators
a = (i− t)∂x + ix/2, a+(i+ t)∂x − ix/2, (10)
a+ψn =
√
n + 1ψn+1, aψn =
√
nψn−1, aψ0 = 0, ψn = ψn(x, t). (11)
The free particle coherent states may be defined as such solutions of the equation
(1) that satisfy the equation
aψz = zψz , z ∈ C. (12)
The Fourier expansion of ψz in terms of the basis ψn looks like as follows
ψz = Φ
∑
n
anz
nψn, Φ = Φ(z, z¯) = exp(−zz¯/2), an = (n!)−1/2. (13)
These states satisfy the Definition 1 with the measure dµ = dxdy/pi, z = x+ iy.
The momentum operator px and the Hamiltonian h0 are expressed in terms of a
and a+
px =
1
2
(a + a+), h0 = −p2x =
1
4
(a+ a+)2. (14)
Consider the lineal L0 = span{ψn} which is the space of the finite linear combi-
nations of the functions ψn. Then H0 = L¯0. (Bar over L0 means the closure with
respect to the norm generated by the convential scalar product that we will label
with the indice zero).
The operators a and a+ are completely defined on the lineal L0 by the formulas
(11). Therefor we can consider L0 as the initial domain of definition of g0. Since
the operator h0 = −∂2x initially defined on L0 has the deficiency indices equal zero
it has the unique self adjoint extension which coincides with its closure h¯0, h¯0 = h¯
+
0
with the domain of definition D0 ⊂ H0. The operator g0 = h0 + a2 is essentially self
adjoint as well, g¯0 = g¯
+
0 and it has the same domain of definition D0. The spectrum
of g¯0 is purely continuous. The eigenfunctions ψp(x, t) of the momentum operator p
are the eigenfunctions of g¯0 as well g¯0ψp = N
2
pψp, N
2
p = p
2 + a2.
The Hamiltonian of the soliton potential, h1 = −∂2x + V1(x), is essentially self-
adjoint in H0 and it has a mixed spectrum. It has a single discrete spectrum level
E−1 = −a2 with the eigenfunction
ϕ−1(x, t) = (a/2)
1/2e−ia
2t cosh−1(ax) (15)
Its continuous spectrum is the same that those of the hamiltonian h0. Let ϕp =
ϕp(x, t) be the continuous spectrum eigenfunctions of h1, h1ϕp = p
2ϕp.
It is easy to see that the action of the operator L on the basis functions ψn is
well defined and gives the functions
ϕn(x, t) = Lψn(x, t) (16)
which are solutions to the Schro¨dinger equation with the soliton potential.
Let us consider the orthogonal decomposition L2(R) = L20 ⊕ L21 where L20 =
spanϕ−1. The functions ϕn are the basis functions in the space L21. The relation
(16) defines the action of L in the lineal L0. The natural question that arises at this
level is the following: What is the maximal domain of definition of L. Our analysis
shows that the following lemma is valid.
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Lemma 1. The operator L has such an extension L¯ that it domain of definition is
D′0 and it domain of values is H1 where D
′
0 = D
√
g0 and H1 = L¯1, L1 = span{ϕn},
n = 0, 1, . . ., and the closure is taken with respect to the norm generated by the scalar
product
〈ϕa|ϕb〉1 ≡ 〈ψa|g¯0|ψb〉0, ψa,b ∈ L0, ϕa,b ∈ L1
Corollary 1. Every ϕ ∈ H1 may be presented in the form ϕ = L¯ψ, ψ ∈ D′0,
D′0 ⊃ D0
Let us define the operator L¯+ in the space H1. For this purpose let us consider
the functions ψ ∈ D0 ⊂ D′0 and for every ϕ = L¯ψ, ψ ∈ D0 define L¯+ϕ ≡ g¯0ψ.
Denote D1 the domain of definition of L¯
+. Domain D1 consists of all ϕ ∈ H1 of the
form ϕ = L¯ψ, ψ ∈ D0. Domain D1 is dense in H1. We have established the validity
of the following lemmas
Lemma 2. g¯0 = L¯
+L¯, g¯1 = h¯1 + a
2 = L¯L¯+
Lemma 3. L¯+ is adjoint to L¯ with respect to the scalar products 〈·|·〉0 and 〈·|·〉1
Lemma 4. L¯ = L¯++.
Corollary 2. The operator L¯ is closed.
The operator L¯ has a natural extension to the continuous spectrum eigenfunc-
tions ψp of the momentum operator and L¯ψp = Npϕp, N
2
p = p
2 + a2, p ∈ R.
The operator L¯+ is invertible in H1. Introduce an operator M by the relation
ML¯+ϕ = ϕ, ϕ ∈ D1, M = (L¯+)−1 (17)
Lemma 5. The bases {ηn = Mψn} and {ϕn = Lψn} are biorthogonal Riesz bases
[9].
Theorem 1. Operator U = L¯g¯
−1/2
0 realizes the isometric mapping of the domain D
′
0
onto D1. Operator U
+ = U−1 = g¯−1/20 L¯
+ realizes the inverse mapping. Operators U
and U+ have the following resolutions in terms of the generalized eigenvectors |ψp〉
and |ϕp〉:
U =
∫
dp|ϕp〉〈ψp|, U+ =
∫
dp|ψp〉〈ϕp|. (18)
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Corollary 3. ¿From (18) it follows the spectral representation for L¯ and L¯+
L¯ =
∫
dpNp|ϕp〉〈ψp|, L¯+ =
∫
dpNp|ψp〉〈ϕp|
and the similar representation for M and M+
M =
∫
dpN−1p |ϕp〉〈ψp|, M+ =
∫
dpN−1p |ψp〉〈ϕp|.
OperatorsM andM+ are bounded and factorize the operators g¯−10 and g¯
−1
1 : M
+M =
g¯−10 , MM
+ = g¯−11 .
Remark 1. The representation L¯ = Ug¯
1/2
0 is a canonical representation of the
closed operator L¯ and M = Ug¯
−1/2
0 is the similar representation of the bounded
operator M . These representations are called polar factorizations as well.
Theorem 2. The states associated with the vectors ηz = Mψz = Φ
∑
n anz
nηn are
coherent states in the sense of the Definition 1. The measure dµη = dµη(z, z¯) which
realizes the resolution of the identity in terms of the vectors ηz gives a solution to
the problem of moments in the complex plane
anak
∫
dµη|Φ|2znz¯k = Snk
and has the form
dµη = ωη(x)dxdy, ωη(x) =
1
pi
(x2 + a2 − 1
4
), z = x+ iy
Consider now the vectors ϕz = Lψz = Φ
∑
n anz
nϕn.
Theorem 3. The states associated with the vectors ϕz satisfy all the conditions of
the Definition 1. The measure dµϕ = dµϕ(z, z¯) which realizes the identity resolution
in terms of the vectors ϕz gives a solution to the problem of moments on the complex
plane
anak
∫
dµϕ|Φ|2znz¯k = S−1nk
and has the form dµϕ = dydν(x), z = x + iy. The measure dν(x) is defined by its
Fourier transform
dν˜(t) = ρ(t)dt, ρ(t) = exp(t2/8− a|t|)/(2pia)
The work is partially supported by the grants of RFBR and Government of Russia.
5
References
[1] Witten, E., Nucl. Phys., 1981, vol. B185, p. 513; 1982, vol. B202, p. 253
[2] Shro¨dinger, E., Proc. Roy. Irish. Acad., 1940, vol. A45, p. 9.
[3] Darboux, G., Compt. Rend. Acad. Sci. Paris., 1882, vol. 94, p. 1343; vol. 94,
p. 1456.
[4] Matveev, V. B. and Salle, M. A. Darboux transformations and solutions, Berlin:
Springer, 1995.
[5] Delsart, J., Comp. Rend. Acad. Sci. Paris., 1938, vol. 206, p. 178; Colloque Int.
Nancy, 1956, p. 29.
[6] Klauder, J. R., J. Phys. A: Math. Gen., 1996, vol. 29, p. 1293.
[7] Bagrov, V.G. and Samsonov B.F. Phys. Lett., 1996, vol. A210, p. 60.
[8] Miller, W., Symmetry and seperation of variables, Massachusetts: Addison-
Wesley, 1997.
[9] Nikolsky, N. K., Lectures about shift operator, M.: Nauka, 1980.
6
